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INTRODUCTION

In our statement of work for this grant, the first item is
“support and coordinate with research underway at the
Aerostructures Directorate ...." This interim report supports the
design of the model rotor and the comparative study of coupled beam
theory and the finite element analysis performed earlier at the
Aerostructures Directorate by Robert Hodges and Mark Nixon.

Attention is focused upon two matters --- (1) an examination
of the small discrepancies between twist angle predictions under
pure ‘forque and radial loading and (2) an assessment of
nonclassical effects in bending behavior.

Our primary objective 1is understanding, particularly with
regard to cause-effect relationships. Understanding, together with
the simple, affordable nature of the coupled beam analysis,

provides a sound basis for design.

STATIC APPLIED LOADING CASES
The three load cases considered by Hodges and Nixon have been
considered here. The first case is bending due to 1ift and blade
weight, the second is pure torque and the third is axial loading
due to centrifugal force.
There is some inconsistency in the equations for the applied
loading. In the present work, the coordinate X is taken from the

blade root, which is radial station 5.23.

Bending Due to Lift and Blade Weight

The distributed loading is

q, = 0.02222X - 0.0123 (lbs/in) (1)



The rotor model cross section appears in Figure 1. The
coupled beam analysis of this loading case appears in Attachment 1.

Beam deflection results appear in Figure 2. Bernouli-Euler,
the classical engineering beam theory, results are denoted by "BE."
This model is overly stiff. Also presented are three shear
deformation models, SD1, SD2 and SD3, and the finite element
results.

The shear deformation mode! S1 is an approximation obtained

by setting the coupling stiffness C25 and C36 to zero. This is the

classical shear deformation model in the spirit of Timoshenko.
C1ear1y‘ it is overly stiff also. This direct transverse shear
effect f% small for a beam of this slenderness.

The complete theory, which includes all coupling effects, is
denoted SD3. It providés good agreement with the finite element
results.

The approximation denoted SD2 1is obtained by neglecting
completely the classical shear deformation effect accounted for in
SD1 in favor of the coupling mechanism associated with C25 and C36'
This model, therefore, includes only deformations due to the
transverse shear-bending coupling and the usual bending
contribution. The magnitude of this new, unexplored form of
elastic coupling is seen to be enormous by comparing SD2 and BE
results. This is a finding of major importance in understanding
the behavior.

The SD2 or SD3 models are required in this application in
order to get sufficiently accurate predictions. This clearly
excludes the earlier classical type theory of Mansfield and Sobey

from practical use.
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Pure Torque

Although there was generally good agreement for the torsion
case in the Hodges-Nixon comparative study, the effect of
torsion-related warping was not included. This effect has been
included in the analysis presented in Attachment 2.

The classical St. Venant torsion theory result (without
warping) is compared to the complete beam theory (CBT) and the
finite element results in Figure 3. The CBT results, which differ
from the <classical (CL) only by the warping effect, are in
excellent agreement with the finite element analysis. Restrained
warpipg'creates a boundary Tayer zone near the blade root that acts

to stiffen the blade and reduce the angle of twist.

Axial Loading Due to Centrifugal Force

This case is of the utmost importance because extension-twist
coupling is to be used to control blade stall. In the Hodges-Nixon
comparative study, the classical St. Venant theory was utilized for
the coupled beam analysis. The discrepancy between analytical
predictions and the finite element analysis was the greatest for
this case. Classical theory was too soft and it overestimated the
twist angle, a condition that is not conservative in view of the
stated purpose of the model demonstration.

As in the pure torsion case, the neglect of torsion-related
warping is tke reason for the discrepancy between coupled beam
theory and the finite element analysis. A complete analysis of
this loading case is given in Attachments 3 and 4. Attachment 3
contains the overall response analysis. The axial force
distribution is

N = 913.83 - 7.875X - 0.75287%% (1b.) (2)
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This expression differs from that quoted in the Hodges-Nixon work
due to use of different coordinates.

The twist angle distribution appears in Figure 4. The use of
CBT brings the beam theory results in very good agreement with the
finite element analysis. The rate of twist distribution is given
in Figure 5. Again, the agreement is very good.

Attachment 4 contains an analysis of the strain distributions
for this loading case. The strain distributions are given in

Figures 6 and 7. The results indicate that structural damage would

IR

be 1ikely to occur at radial station 10 (X 5) rather than at the

root as.predicted by classical theory.

WARPING ANALYSIS

A complete analysis of the effects of torsion-related warping
appears in Attachment 5. Also included is a description of a
simple warping model that is based upon a rectangular approximation
for the cell. The equivalent rectangle is chosen to possess the
same enclosed area. An assessment of this model suggests that it
is adequate for the complete analysis.

The main difficulty in accounting for warping is determination
of the warping function and the stiffness C77. Both are

accomplished readily with the approximate rectangular model.

CONCLUSIONS
In structures designed for extension-twist coupling, a high
degree of bending-shear coupling 1is present which drastically
causes the structure to be more flexible in bending. The impact of

this effect on system performance must be assessed.
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Torsion~-related warping is significant enough to warrant its
inclusion in the beam analysis. A simple rectangular approximation
may be used, which avoids the complexities associated with warping
function and warping stiffness determination for sections similar

to the D spar. With warping accounted for, the coupled beam theory

is extremely accurate and easy to use.
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COMPARISON OF COMPOSITE ROTOR BLADE MODBELS
CLASSICAL , CLASSICALSHEAR DEFORMATION |,

SHEAR DEFORMATION oand AN MSC NASTRAN SHELL ELEMENT

A BENCH MARK CAst

BEAM DEFLECTION DUE TO LIFT and BLADE WEIGHT

THEORY

. The beam cross sachon rofabon  oboul  the
coribee

Yy axio 15

n {@ms  of beam compliance  leema  and applied

load s

Py, = S Qy + S55My v (»

K.

The secton rolation adboul Hhe y oxis iz alvo  defired

i Yams  of  tae shear 5¥mmv ond the tronsverse  Adisplacen it
Py - Ay - W, L. , 2
Derivahon of qﬁuahon (2) r‘Q‘:PZ.C'{' o % \cjivzﬁ %
pg,x = Yy — W,

X e (3)

The shear  strain | X”, can  ther be  coritlan

in termo

of  luaur crmpUqﬁce farms  and applied loa-s
¥uz = 53 Qz « S36M; - (4>

Derivakort  of a}um‘fﬂm (4  reaped +o % yields




ORIGINAL PAGE IS
OF POGR QUALITY

Subshitution  of  equation (65) irto  equation (3)  giws
{5‘9’7:. = . 533 QZ,.‘_ +.$36 Mz.)x - Aw)zz - (é) .

ard  suostifufion Py, info equation (1. . ckfines the dflectir ao

Tl dhis came
QH c MZ- =0 (6)
Huuc{ofe zquaﬁow (1)  beworres
(D

— W L= 5515 MH - 555 O})L

rxx
Derivation of the dhear |, Qs , givas the load p

. _Qz.))(.; & .....P (’JO)

50 .,,az]\.udhm (D

~W, . = SsMy 4+ O3 P G

i &

Shear Deformation Model .

Rewrite  equation (11)

“Wian = Zes My + 933 P

hae
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APPLICATION

The ad , p» due to LUt aid Llade ot can ba v oriarn

i b c*{ AV 417
P 0.02202% - 001D Llos /in] vy
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R - - 0.0M1M A%, OTlas o Cy )
B.C Div
f'\\‘ = O 4‘7
¥=30
0
Q- — D0 00T SRy [tbs]  (20)

I icgvah.:q anoi - gives the  meorewel

My~ — 0.003704 x4 0.00610x% 4 2671 % . C, 20
BLC 1B
My| = o T ERSEE
X239
>0

Mys = 000700 x* 4 0.006102" 4 P67 1a — 1945 (o] (4%

Corre Luac {1y equation iy imfzg;ahrg ot with aregy

oo ’{»C‘H_, LOr TUNO, L .LULHC!/L and

W, = 0 | (24a)
x
X0
-\\N' l = O (24 b)
X=0
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Classical Model
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TWIST UNDER EXTENSION
- Rotor BPlade Model .
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WARPING EFFECTS ON ROTOR BLADE MODELS

- THE TORSION._RELATEDL WARPING FUNCTION -

The torsion . related . warping function , v, is defined
as

e s 2hes 2w &b
C

chere Ac s the . .enclosed area .of the cross sechon ,

C . 15 ‘the .,circ.umfercnca ongd

w(s) - 12_ g (2)

L which is  the . .sectorial area  swept _oul @5 s increases ..

D spar cross sackons

. Co.ordinates . of the .D.spar. undertaken is showrt
n ’Fig.], In order to colulate  the .. warping furchon
. ome of +he coordinate, say 2, has fo be found the
I A{uncﬁm _of  the pther. one , Yoie tv do so , the wrve
. é\‘JrHrzg method may ke used . This  onalysis s, summarized

RS 24 Appmdjx 1. e

An. other . quick and ueeful . opproach  fo find  the
- waorping fncHon s to  wnoider . the D spar as  two
regon. . one of them. . .is reclengulor . the other one 5
. a pat of .a circle . Thia. . approack. is Showa n Fg.2.
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The radius of the circle considered s found t  be

as
R . HZL? (3)
2H
To find He encosed odrea the following method (5 used :
<, Lo
A3
R
N 1:\'9.3.
The  total  area , A wAy, s
2
A1 + As = __R__ arc:)ln-.l; (4)
2 R
and  Ag s _
As - UZ_H)._;. (5

therefore  the area  wonted , A, , is
2
Aj= Roarcaink _ (R-H).E (b)
2 R 2
The area of +the rectangular region , A,, Is
A, - LH (1)

thus ,  the fokl enclosed area of +4he D spar s

Ag= 2( A+ hy) (8a)
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2
. Ae = . 2 [ L'H .. R arcsin b — (R-H).L ] (b))
2 r 2

The circumfcrmcz, of . the . circular. Far‘t region. , c,, 5

. L£,= R ..‘arcsin.lé. , o (2)

The cirwmf{erence . of 1he . rectangular region , ¢4, is

then the totol circumference  of the D spar, c, is

Cc= 2(CiwCy) , (11a)

151 U e

_.C= ,.2( L'eH + Rarcﬁin_‘—é> (b))

S ,ﬁThzrzfor,z 2 o letosay
C

B 2Ae (D

B. L'H + S arcsim g (R-H) 2 7 (13)

_L'+H+ Rarcsin —‘E

Now , He¢ warping funchon can be rewritten a3

Y s Bso 2w(s) (14)

Since  the . main purpose ia _]q'nd.., the ouOrping.:»{x(fnaso,
Coq, which i3 calalated by . using . a line integral



Cap s § Kop- ¥ ds (15)

and  now . let consider  the  limes  shown m Fg2. oare made

out of different moterials Herefore uabior (1) becomes (usin
> b 9

LtH c/e gm et
1) 2 2) 2 (3> 2
%677 = K“ \-‘/1 ds + f qu \‘/2 ds f K‘I'\ qf?’ ds ('\6)
° H L'+ H
where
Y= 85 - 20,9 0¢s¢ H (17
Y, = Bs . 2w, (%) Hgs & L4H (18)
= Bs — 2wy (s) L'4H €5 ¢ _cé 19
so. we reduced te problem  which o fo  find the
sechoriol  areas  swept oul for cach  region.
for Lline 1
Fn = L/ (20)
%0 s
200,(5) = S L'ds (21)
Yan ’ | '
2wq(8) = L's 0<SEH (22)
for Lne 2
M= H (23)
S0 ]
2w,(s) = L'H 4 JHds (24)
then

Zw,(s)= L'H 4 Hs H<s € LtH (29
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for . line.3 ., we haw o ﬁoal. _the shaded area |
05 fnchon . of 5. The form _of A’ is found by
 subshracting . the oarea  below the shaded area {mm. the

A/

area of. the circwular Fori .. One. obtains the A a3

A
2

[ Rs - (R-H).R .sin%] (26)

Waelore - o

ot 2wy = 2UH 4 Rs o (R-H).R 5in% L4H <5< € (27)

Uoing. ealuaHona.._C’\'l) and..(22).._ givea 4,

e N8y = (B ) L Ogs<H (28)

- Equakions (18)__and (25).. .gives \p,,.

e () (B H)s - L'H . H&agt/\H. (29)

pnd equations. . (19) _and (2} gives . ta o,

My )2 QB_R)L.*LR_H)Esm% _2UH

I~

o

I~

N

wn

TN
i

Equah’on (16)  can_ e writlkea a&. ..

Cope 2( K I, + Ky L+ Ky, ra) (31)

whese

L - “(B_Lf)s]zds | | (92a)
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H H
2 (’l) , Z
1, - [ B-L) s ds . K, (B—ZL) 52 (326)
or 5
\ L. (B-LD 3 (33)
1 3
L+H
ol
1, - j [Cotys - v) ds A (34a)
H
L’+H »
I,. ﬁ@_n)?s’ _ 2(BH)Hs . L%H?)ds (34p)
H L'+H
.
- l @;}HD 53 _ (8-tOUH 8%, L’szs} j
H
S0 p . !
1= { LBW) /(15 alH L 3K%) - B-HOL H (L 2H) 4 L’jHZL%:’fB‘;
and
- c/2
2
15 J[(B-R)s +UZ_H)R5M% - 2L’H] ds Qo a)
L/+H

c/2
1. J[(B_R)zsé . QZ-H)Z)stmz_?i + AUHE L 2(B-R)(R-H)Rs sin %
Lo
— 4 (R-HRLUH 5m_5é ~ 4(B_ROLHs ] ds (%6 )
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| (B- &)’ 53
13_[ + (R~ HYR (15-__sm_£> + 4LPH s

3

+ 2(B.R)(R_H)IR (Eﬁm_s_ s RcOsS )
R

/2
_ 4_(.12,H)121.’H,,, ~Rws3 ’
( ma._ﬁ)_._ 2 (B.R)L'Hs? (%6¢>
L. 4 (B-R) [& ') :
5 BoR) ST (L% ‘ !
2] (RR 5%(__L_H)_%3m%_swg

2,.,2 N
+ 4L H (%-LiH)..,

+ 4 (RoH)RUH (Rcosi,r lans..‘:i‘i - 2(6_72)AL/H [CQ (L’ HY (
MG

2R E.

0 we kaow I, (zqua./—x’on“(ﬁf}))_ , 1z (equakon3%))  ond

- 13 (ec]uaiﬂ/on (37) )

I the D spar i3 made oul of Hhe same malerial

1) (2) . ()

K=
w =Ko=K o= K (3%)

+hen |
Cqy s 2Ky (141,40 13) (39)
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The Equivalert Rechangular Area Approach

Let conoider a rec{'angular cross  secHon whick has

the some enclosed area as the D spar

ting 2
L2 /
Pl - e b ‘_'f‘_“‘ e
s=baH / Ss=H

Fig. 4.

Ling 1

4 s presumed that  the rectorigdar has  the same width | H,

o5 the b spor 'qurz-ﬁ)rz

(A,) = 4bH
D Spor

b LA¢>D spor
g+

so , the cfrwm{erznce of the r(charzgufar

(¢> = Alb+H)

reC

then  the rato of Ze B,
B/ bt

b+H

Thhe -&)rm 01( the ouar)ping funcﬁ’orv

(4o a)

(40b)

(1095 Sechor 1o

C41)

(42)

,\f};2>"5
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Y, = Bs _ 2w(e).

ORIGINAL PAGE IS
O PANR QUALITY

(«43)

We will follom. the same. Procadurc as whal  we have

done  for D ospar case . let. say.,
... are  .mode out.  of di{fzrant _malerials

. gives.

wnere o o

B o P e g

2wq(e) = bs.

C; _=A” ; J K‘:) h-\* i

Ling 1 and Line?
Uamg symme’rry
b+H

ds 4. JKM\{/ da; (44 )
H

_0<5 < H (49)

H< s € buH . (46)

(47 a)
b)

0<s<H } (48)

For Line 2 T

ry = H

s

2w,(s): bH 4 Hs

Using @c,uah’ons La5) and (42)

(49a)

Hgs< Hib (60)

gives
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Yy, = (B'-b)ds 0¢s< H
Ec‘uaﬁax:i (4¢) and (50) gives
WY, = (B-H)5 _ bH Hes < baH

EquaHon (44) can be rewrltlen a9

R (2>

(&)
Cyg = 4 (Kydy + Kip Jp)

whae - . H . .
J]= ([(Bﬂb)ojzds
H H
, 2
J;- j (B6)s% ds - LB;‘DJ s’
J . (®B%b)
3
b +H
and j ,
Jy - | (5u)s - b1 ds
H
b+H

Jy- g[@cw?- 2BLHObHs 4 b H?)ds
W | baH

[@iﬁ_ﬂ,‘ _ (BH)bHs? 4 L7H 25]
3

H

. S0

J,- Mz{(umf_ H3] _ LB’_H)bH[Qo\»H)?_H?] +
2 3 i

. or

(51)

(52)

(5%)

(547

(55)

(%)

z

b2 H
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’ 2
‘ Jp- (B0 {(mb)a_ﬂ?] AT PRI T A (57)
15 | L |
KD L Kl e K | (58)
then
(59)

Coys AKan (T dy)



AN APPLICATION

fn our case , the fxuaumarb are

L= 0.5265 . H:201469 , L=-06210 , R.1.3861 [iN]

3

thern  the ' enclosed  darea, Ae .. and e ciccum frence |, ¢, of

D spar are
Ao < 02776 [T ; Cs 26345 [iN]
H«meforz

B. 0.2107  [IN]
For | +20,-70,420,-70,-70, <20} Grophife  / Epoxy

Kqr e 0.2139 £6
and

4
C,q = 0.06645E5 (lo_in?]

Using the eqUivalznt rectangular area bPProoth

H- 041469 b 0.4724 (in])
and
A, = 02776 [IN7] C= 2.4772 [IN]
50 B'= 0.2241 [IN]
* 4
and Cqq= 0.05964 £5  [lb.in ]

- R .
The error Froduaz.d behueen C-,—; and CTI 5 10.3Z
but)][or inatane  fwisl tip dqpcc«lfoﬁ due to a(:f:b'czd' 'fvrqup, case
the  error Froduce:d 5 ~ 0.7 % .




